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Abstract

Two apparently different descriptions of acoustical
activity - one due to Portigal & Burstein [ Phys. Rev.
(1968), 170, 673-678] based on the concept of spatial
dispersion of the elastic stifiness tensor and the other
based on the rotation-gradient theory due to Truesdell
& Toupin [ Encyclopedia of Physics, (1960), Vol. I11/1.
Berlin: Springer], Mindlin & Tiersten [ Arch. Ration.
Mech. Anal. (1962), 11, 415-447] - are analysed on
the common basis of the first-gradient theory. A rela-
tion between the tensors used for describing the
acoustical activity in the two earlier descriptions is
obtained.

1. Introduction

Ever since the concept of acoustical activity was intro-
duced by Andronov (1960) and independently by
Silin (1960) there has been continued interest both
in its experimental observation (Pine, 1970; Joffrin,
Dorner & Joffrin, 1980; Bialas & Schauer, 1982; Quan,
Fang, Zhigong & Zenyi, 1987) and its theoretical
characterization (Truesdell & Toupin, 1960; Mindlin
& Tiersten, 1962; Portigal & Burstein, 1968; Mindlin
& Toupin, 1971; Vuzhva & Lyamov, 1977; Kumar-
swamy & Krishnamurthy, 1980). Recently the occur-
rence of acoustical activity in crystals of different
point-group symmetries has been examined from two
apparently different points of view (Bhagwat, Wad-
hawan & Subramanian, 1986; Bhagwat & Sub-
ramanian, 1986) - the theory of spatial dispersion
(Portigal & Burstein, 1968) and the rotation-gradient
theory (Mindlin & Tiersten, 1962). Even though both
viewpoints lead to the same acoustically active crystal
classes, a disturbing. feature remains: the tensors
describing acoustical activity in the two descriptions
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have different symmetries and appear to be com-
pletely unrelated.

The aim of the present paper is to show that both
viewpoints can be reconciled on the basis of the more
general strain-gradient theory of acoustical activity
where one employs the strain and its first gradient to
describe the elastic deformation (Toupin, 1962;
Mindlin, 1972). We also obtain a rationale for the
maximum number of independent non-vanishing
components of the acoustical activity tensors.

The paper is organized as follows. In § 2 we briefly
recapitulate the salient features of the spatial disper-
sion theory of acoustical activity due to Portigal &
Burstein (1968) and the rotation-gradient theory due
to Truesdell & Toupin (1960) and Mindlin & Tiersten
(1962). In § 3 we consider the full first-strain-gradient
theory of elasticity given by Toupin (1962). Here we
establish the formal equivalence of this theory with
the theory of spatial dispersion. Further we show that
rotation-gradient theory results from the general
theory under certain additional restrictions.

2. Résumé of two viewpoints

A. Theory of spatial dispersion

Portigal & Burstein (1968) explained the occur-
rence of acoustical activity on the basis of spatial
dispersion of the elastic stiffness tensor, by writing
the most general form of Hooke’s law as

t
a;(r, t)=Jdr _J;odt' Ciu(r—0, 1 —t)en(r, ). (2.1)

As usual, summation over repeated indices will be
implied. The stress ¢ at a point r at a time ¢ is a
linear superposition of strains at points r’ at earlier
instants ¢'. When spatial dispersion is small one may

© 1988 International Union of Crystallography



552 ACOUSTICAL ACTIVITY OF CRYSTALS

approximate the right-hand side of (2.1) and write

oy(r, 1) = § dsCy(s)ex(r, 1 —s)
0

+ [ ds ijiam(5) 0ek(r, 1 —5)/ 3, (2.2)
0

where

Cyui(s) = dRCy(R, 5) (2.3)

and
dijklm(s) = I dR Rmcijkl(R, s). (2.4)

In the equation for acoustic wave propagation what
enters, however, is the Fourier transform of the stress
given by (2.2). Taking the relevant transform one gets

0(q, w) = Cyr( @) ei(q, @) + iGndijiim(®) £14(q, ®).
(2.5)

Portigal & Burstein (1968) showed that the tensor d
describes the acoustical activity of crystals. It has the
following symmetry properties:

(2.6)

It was argued (Portigal & Burstein, 1968) that the
antisymmetry of d,, with respect to the interchange
of the pair of indices (ij) with (kl) follows from
considerations of causality and invariance of the crys-
tal Hamiltonian under time reversal.

Rather than working with a fifth-rank tensor d one
may work with the fourth-rank pseudotensor G
defined as (Bhagwat, Wadhawan & Subramanian,
1986)

dijklm = djiklm = Gijtkm = _dklijm-

(2.7)

where e;, is the Levi-Civita tensor. A relation inverse
to (2.7) can be written as

1
qumn = 2€ilq diklmn

diklmn = eilq qumn + ekmq quln . (2~8)

The symmetry properties (2.6) for d imply the follow-
ing symmetry properties for the pseudotensor G:

qumn = qukn (29)

3
Y Gumn=0, foreach m,n=1,2,3. (2.10)
k=1

If the direction of propagation of an acoustic wave
is an acoustic axis which is chosen as the z axis the
acoustical activity can be shown to be determined by
the component Gi;;;. The maximum number of
independent non-vanishing components of G (as well
as of d) is 45.

B. The rotation-gradient theory

Here we describe the elastic deformation of a solid
in terms of the usual strain tensor € and the rotation

gradient X, which is a manifestation, in the lowest
order, of the presence of couple stresses. Up to first
order in X the energy density W can be written as

W=1l:C:e+e:b:X. (2.11)

To first order in the displacement wu, its gradient Vu
and its second gradient VVu, € and X are given by

eii=%(aui/axj+auj/axi) (2.12)
(2.13)

The wave equation for the displacement u involves
the symmetric part of the stress 7, =aW/de and the
non-scalar part of the couple stress wp=d9W/aX
(Mindlin & Tiersten, 1962). It follows from the study
of the plane-wave-like solutions of the wave equation
that the tensor b is responsible for acoustical activity
in this theory (Bhagwat & Subramanian, 1986). It has
the following symmetry

bijkl= jikla%bijkkzo,{i,j’ k71=1,2’3}' (2'14)

X = £3(8/ 0x,)[0Upn/ 0%, — U1/ 0% ] 11m -

Consequently the tensor b has a maximum of 48
independent non-vanishing components. If the
acoustic axis is chosen as the z axis, the acoustical
activity for waves travelling along the acoustic axis
is governed by the quantity (b33, + baz3a).

Although both the descriptions have their origin in
the property of elasticity, the tensors G and b have
different symmetries given by (2.9), (2.10) and (2.14)
and also different numbers of independent non-
vanishing components.

3. Acoustical activity and full-first-gradient theory

The fundamental equations for an elastic material
taking into account the full gradient of strain were
given by Toupin (1962). The term in the energy
density giving rise to acoustical activity may be
expressed in the form (Mindlin, 1972)

W = &; CijimExim- (3.1)

In the above equation ¢; is the usual strain tensor
given by (2.12) and

— 52 —
Eijk = d uk/axian = Ejik-

(3.2)

In view of the symmetry of the strain tensor €; and
of &; under the interchange of the indices i and j
the tensor Cyy,, possesses the intrinsic symmetry

Cijklm = Ljikim = Cijlkm- (3.3)

Each of {4, j, k, [, m} takes the values 1, 2 and 3. The
symmetry requirement (3.3) reduces the number of
independent non-vanishing components of C to 108.
The component &, can be expressed in terms of its
symmetric part and the antisymmetric part with
respect to interchange of the last two indices ! and
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m. Thus
Exim = Ek(im) T Ek[im] (3.4)
where
Excim) = 3 Ekim T Etemt) = OEim/ IXx (3.5)
is the first gradient of strain and
Ekim1= 3 Exim — Exmi] = £3/ 3%, (V X Wisrm (3.6)

is the rotation gradient. The tensor &, which is
symmetric in the first two indices has 18 independent
components. The strain-gradient tensor €g(m), Sym-
metric in the last two indices, also has 18 independent
components. Furthermore, the rotation-gradient
tensor &g, can be expressed in terms of the first-
strain-gradient tensor &y(1m), since

(3.7)

Thus (3.4) and (3.7) together express g, in terms of
the first gradient of strain, while (3.5) provides the
inverse relation. The energy density W of (3.1) can
therefore be expressed in terms of the strain g; and
its first gradient &)

—1 —
Ek(Im] = 3 Ertm ~ Exmi] = El(km) ~ Em(ki)-

W= gijézjlmkgk(lm)- (3.8)
From (3.1), (3.4), (3.7) and (3.8) we have
éijlmk = Ciuim * Ciskmi — Cijmik (3.9)

A relation inverse to (3.9) can easily be obtained. We
find

Cijkim = il éijmlk + éijmkl]- (3.10)

It follows from (3.9) that the symmetry with respect
to the interchange of i and j of Cj., implies the same
symmetry for Cymi. Further, since Cy,x is symmetric
with respect to the interchange of I and m, Cim
must also be symmetric under the same interchange.
If we compare the tensor C with d of Portigal &
Burstein (1968), the above symmetry of Cj,« with
respect to the indices i, j and I, m is the same as that
of d implied by the first two equations of (2.6). The
additional symmetry (or rather the antisymmetry) of
d as given by the last equation in (2.6) was argued
by Portigal & Burstein (1968) on considerations of
causality and time-reversal symmetry as applied to
the total Hamiltonian of the crystal. The total energy
can be obtained by integrating the energy density
(3.8) over the volume of the crystal. If the crystal
surfaces are strain free, it can be shown by carrying
out integration by parts that the part of Cyu
symmetric with respect to the simultaneous inter-
change of (ij) with (kI) does not contribute to the
total energy. Hence we can set the symmetric part
equal to zero and demand that

(3.11)

In addition C also has the symmetry pointed out

Cijlmk = _Clmijk-
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earlier, viz

Cijlmk = Cjilmk = Cijmlk-

(3.12)

With properties (3.11) and (3.12) of C and those of
d contained in (2.6) we can identify the tensor C with
d. This identification limits the maximum number of
independent components of C [and in view of (3.9)
and (3.10) also of C] to 45. The above considerations
show that the results based on the phenomenological
theory of acoustical activity would be identical to
those emerging from a theory invoking the funda-
mental equations of elasticity given by Toupin (1962).

To see the emergence of the rotation-gradient
theory one must use the variables &, defined as
(Mindlin, 1972)

(3.13)

and the rotation gradient &y, in place of &, in
(3.1). It is easy to see that

-1
Egkim} = 3(Exim + Etmk T Emia)

(3.14)
The use of the above equation in (3.1) for W gives
(3.15)

In the first term involving &m only that part Cikim
of Ciu Which is totally symmetric in the indices k,
I and m will contribute. Thus,

s 1
Ciijkim =3(Cijim + Cijtmk + Cijmia),

2
Exim = E{klm}+§(51[km]+ Ek[lm])-

—- 4
W = &; Ciitim Egrtmy + 385 Cijktm Exf im1-

(3.16)

and in the second term the part C,f}k,,,, which is anti-
symmetric with respect to the interchange of I with
m will contribute

C?}kzm = %( Cx‘jklm - Cijkml)- (3~17)

In the general case, therefore, W can be expressed
as

(3.18)

It is clear that the rotation-gradient description would
result from (3.18) only if the first term on the right-
hand side of it is zero, ie. Cﬁk,,,, =0. In terms of the
components of C this condition reads

Cijam + Cijtpk + Cijrnra = 0.

_ s 4 A
W = €;C Cxim Eiximy T 3€5C fuim Expim)-

(3.19)

The second term on the right-hand side of (3.18) can
be transformed into its familiar form, viz the second
term on the right-hand side of (2.11), by noting that
exim) €an be expressed in terms of a second-rank
tensor X, by the relation

Ex{im]= ClmpXkp (3.20)
and the identification
bijkp =§elmpc;'_?klm' (321)

The relation (3.19) imposes 60 constraints on the
components of C. If one disregards the constraints
imposed on C by the relations (3.11) and (3.10), the
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independent components of C reduce from 108 to 48,
which was the number obtained for the tensor b in
the rotation-gradient theory. However, if we were to
take into account the further restrictions implied by
the relation (3.11) the number of independent
components of C (or C) will be further reduced. A
detailed analysis of all the constraints on C shows
that only the six components C,,523, Ciy1332, Cii3z,
G331, Coazyy and Cisas are independent. The other
non-vanishing components are

Ch22=—Co31 = —2C1312,=2C312 = _%anzs
Ci1233=2G3131 = = G312 = —2C3y3 = _%Cnssz
Cinzs=—2C1321=—Cipis
G133 == G312 = —2C3,3,=2Cp3y 3= —%CZZSBI
Caz123=2GCo3122 = — Gy
Gz =—2GCs33= — Gy

and those related to the above by the intrinsic sym-
metry relation (3.3). It follows from the relations
(3.21), (3.17), (3.10) and (2.8) (with the identification
d=C) that the activity tensor b of the rotation-
gradient theory which conforms to the restrictions
from considerations of the total energy has only six
non-vanishing independent components [as against
48 reported earlier (Bhagwat & Subramanian, 1986)]
for the triclinic system and is related to the tensor G
by the equation

=2
bijkp - 3[ Gpikj - 8pj qukq + €imp €ikq quml]'

The quantities [ b,33, + by32] and Gias; which govern
the angle of rotation of a plane-polarized acoustic
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wave in the two descriptions respectively turn out to
be proportional to the component C;3,3,. This shows
that even this restricted tensor b will lead to acoustical
activity in all those crystal classes which were found
acoustically active in either of the two earlier descrip-
tions. In other words, the restricted theory still retains
the essential ingredients of the general theory as far
as the explanation of acoustical activity is concerned.
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Abstract

The temperature factors of Cd and Zn for h00
reflexions calculated by numerical Fourier transfor-
mation are compared with the temperature factors
determined with the help of series expansion of the
anharmonic term of the probability density function
(p.d.f.). The anharmonic parameters used have been
derived by least-squares fit of measured Bragg
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intensities in the framework of the anharmonic one-
particle potential (OPP) model. For Cd a deviation
of up to 7% is found for the results obtained for the
symmetric part and up to 50% for the antisymmetric
part of the temperature factor. It is shown that
numerical Fourier transformation of the p.d.f., using
the anharmonic parameters given in the literature for
Zn, is not always possible, because the p.d.f. is diver-
gent for some of these parameters.
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